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As a critical component of the joint gearbox, spur gear pairs play a crucial role in energy conversion, limiting the performance of a collaborative
robot. Accurately assessing their instantaneous efficiency and torque fluctuation is essential for developing high-precision robot joint control
models. This study proposes a computational model to predict the instantaneous efficiency and torque fluctuation of spur gears under
typical operating conditions. The model incorporates a torque balance model, a load distribution model, and a friction model to reflect the
relationship between gear meshing position and efficiency. The instantaneous efficiency and torque fluctuation of gear pairs were compared
with the Coulomb friction model with an average friction coefficient and the elastohydrodynamic lubrication model with a time-varying friction
coefficient. The effect of gear contact ratio on efficiency is analysed, while the instantaneous efficiency and torque fluctuation of gears
are studied under varying operating conditions. The results indicate a maximum efficiency difference of 1.86 % between the two friction
coefficient models. Under specific operating conditions, the instantaneous efficiency variation of the gear pair can reach 3.34 %, and the
torque fluctuation can reach 5.19 Nm. Finally, this study demonstrates the effectiveness and accuracy of the proposed method through

comparative analysis.
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Highlights

* A new model to predict instantaneous efficiency and torque fluctuation of spur gears.

. The model includes torque balance, load distribution, and friction models.

*  Instantaneous efficiency of gear pairs is examined under different friction coefficient models.
*  Torque fluctuation of gear pairs under different friction coefficient models.

*  Gear efficiency and torque trends are analysed under varying operating conditions.

0 INTRODUCTION

Collaborative  robots are widely wused in
manufacturing, assembly, rehabilitation, and medical
treatment and have become a research hotspot in
recent years. To achieve high-precision force/position
control of collaborative robots, it is necessary to
establish an accurate control model of the joint
reducer. However, the commonly used harmonic drive
has many disadvantages, such as low efficiency and
stiffness, large speed and torque fluctuations, and
complex hysteresis characteristics [1] to [3], which
directly affect the control precision of collaborative
robots. To overcome the limitations of the harmonic
drive, many researchers have recently started to study
the 3K planetary joint reducer with high efficiency
and stiffness to meet the high-precision force/position
control requirements of collaborative robots [1]
and [4] to [6]. However, these studies mainly focus
on efficiency optimization design and less on the
research of instantaneous efficiency characteristics.
The torque fluctuation caused by instantaneous
efficiency will directly affect the control performance
of collaborative robots. As the basic transmission unit

of the joint reducer, the instantaneous efficiency and
torque fluctuation of gear pairs have a direct effect on
the stability and lifespan of collaborative robot joints.
Therefore, studying the instantaneous efficiency and
torque fluctuation characteristics of the gear pair
is of great significance for improving the friction
characteristics and control model of the joint reducer
of collaborative robots.

Energy consumption has drawn much attention
in recent years due to the global energy crisis and
increasingly stringent environmental regulations.
Therefore, improving the efficiency of transmission
devices has become an important indicator for
evaluating the performance of collaborative robots’
joint reducers and other transmission devices in
the future [5], and [7] to [9]. In order to accurately
evaluate the instantaneous efficiency of planetary
gear reducers, it is necessary to study the dynamic
changes in the instantaneous efficiency of gear pairs
at different meshing positions and contact ratios. As
a basic component of planetary transmission systems,
the meshing efficiency of gear pairs directly affects
the performance of joint reducers in collaborative
robots. For example, a 1 % increase in gear meshing
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efficiency can improve the efficiency of a compound
gear train by 30 % [10]. The existing literature
focuses more on the average efficiency of gears.
When calculating the average efficiency of gear
pairs, Hohn [11] introduced a loss factor based on the
Coulomb friction model, considering the influence
of gear geometry. Baglioni et al. [12] analysed the
effects of different friction coefficient calculation
models, transmission ratios, addendum modification
coefficients, loads, and speeds on the average
efficiency of gear pairs. Pleguezuelos et al. [13]
calculated the average efficiency of gear pairs based
on a load distribution model and a friction model that
remained constant along the contact path and studied
the effects of transmission ratio and pressure angle on
efficiency. Marques et al. [14] investigated the effects
of rigid and elastic load distribution models on the
average efficiency of gear pairs while analysing the
average power loss of gears under local and constant
friction coefficients. Diez-Ibarbia et al. [15] proposed
an average efficiency evaluation model for gear pairs
that simultaneously considers the Coulomb friction
model and load distribution and analysed the effects of
addendum modification coefficient, different friction
coefficient calculation formulas [16], and tooth profile
modification [17] on gear efficiency. Petry-Johnson et
al. [18] analysed the changing trends of the average
meshing efficiency of gear transmission systems and
the average efficiency of gearboxes under different
speeds and load torque through experiments.

The instantaneous efficiency of a compound gear
train can vary by more than £20 % from the average
efficiency [19], while there are relatively few studies
on the instantaneous efficiency of gear pairs. Cao et al.
[20] found that the instantaneous efficiency variation
of bevel gears can reach up to 8 %. Li and Kahraman
[21] proposed a model for predicting the mechanical
power loss related to a load of a gear pair based on
the elastohydrodynamic lubrication (EHL) theory. The
model predicts the instantaneous mechanical power
loss at each tooth contact and the overall power loss
at gear engagement based on the pressure and film
thickness of the lubricating oil. However, this model
is analytically difficult, neglects the load distribution
between the teeth, and cannot be used to investigate
the torque fluctuation of gear pairs. Xu et al. [22]
modelled the time-varying friction coefficient (TFC) at
the gear contact point to predict the mechanical power
loss caused by gear friction, and analysed the effects
of geometric parameters, tooth profile modifications,
operating conditions, surface roughness, and lubricant
performance on mechanical efficiency loss. However,
they only calculated the average efficiency without

delving into the instantaneous efficiency in depth.
Wang et al. [19] proposed a method for analysing
instantaneous efficiency using a load distribution
model. However, this method cannot accurately
evaluate the instantaneous efficiency of gears and
ignores the relationship between the instantaneous
efficiency of gear pairs and torque fluctuation.
Therefore, there is an urgent need to propose a
calculation model that can accurately evaluate the
instantaneous efficiency of gear pairs.

In studying the instantancous transmission
efficiency of gear pairs under constant speed and load,
it is generally desirable to have a stable torque for the
output side shafting [9]. The strong nonlinearity and
time-varying nature of internal friction characteristics
in gear pairs cause torque fluctuation not only to
vary with the meshing position of the gears but also
to be affected by various factors, such as operating
temperature [9], [23], and [24], load torque [18], and
contact surface roughness [25]. These fluctuations
reduce system stability, leading to significant noise
and vibration problems [26]. At present, many scholars
have carried out modelling and compensation studies
on the friction torque of robot harmonic reducers. Lu
et al. [27] proposed a method to compensate for the
torque fluctuation of a harmonic reducer by using
a torque sensor. Tadese et al. [24] used a dynamic
friction model that considers temperature fluctuations
to predict the joint torque variations of a collaborative
robot mechanical arm driven by a harmonic reducer.
Although the torque fluctuation and friction model
of harmonic reducers have been extensively studied,
there are relatively few studies on the torque
fluctuation of gear pairs. For collaborative robots
employing 3K planetary transmissions, an in-depth
investigation into their friction models and torque
fluctuations is crucial for achieving precise force
and position control. Therefore, studying the torque
fluctuations of gear pairs is essential in enhancing
the accuracy and reliability of the system. Accurately
assessing torque fluctuations in gear pairs is crucial to
improving the accuracy and reliability of a system.

In summary, this paper proposes a computational
model for predicting the instantaneous efficiency and
torque fluctuation of gear pairs, considering the torque
balance at the meshing point, the load distribution
between teeth, and the friction coefficient models.
The instantaneous efficiency and torque fluctuation of
gear pairs under the average friction coefficient (AFC)
based on Coulomb friction and the TFC based on EHL
are compared. Additionally, the relationship between
gear instantaneous efficiency and torque fluctuation
is analysed, and the influence of contact ratio on
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efficiency is discussed. Compared with existing
research, which mainly focuses on the influence of
output torque and speed on the average efficiency of
gears [12], [15] to [17], and [28], this paper not only
considers load and speed conditions but also explores
the influence of surface roughness and lubricating
oil operating temperature on the instantaneous
efficiency and torque fluctuation of gears. Finally, the
effectiveness and accuracy of the proposed method
were verified through comparative analysis.

The paper is organized as follows. Section 1
develops a model for calculating the instantancous
efficiency of gears based on the torque balance, load
distribution model, and friction coefficient model.
Section 2 presents a study on the instantaneous
efficiency and torque fluctuation of gears under
different friction coefficient models with given
parameters (geometric parameters and operating
conditions). Section 3 discusses the evaluation results
of gear efficiency and torque fluctuation under four
operating conditions, validating the effectiveness and
accuracy of the proposed method. Section 4 is the
research conclusion.

1 METHODS
1.1 Instantaneous Efficiency Model of Gears

In gear transmission, it has been found through
numerous experiments and numerical analyses that
load-dependent power losses are the main cause of
changes in system efficiency [11], [16], [18], and
[28]. In addition, losses due to sliding friction under
adverse load conditions account for approximately
95 % of the losses [17]. Therefore, this paper focuses
on the effect of sliding friction on the instantaneous
efficiency of gears. To determine the instantaneous
efficiency of gears, it is crucial to have a
comprehensive understanding of the meshing process;
for gears with a contact ratio between 1 and 2, they
will sequentially cross the double-tooth meshing area,
single-tooth meshing area, and double-tooth meshing
area as they mesh in and out along the actual meshing
line B{B, Fig. 1 describes the three key moments of
the meshing of a pair of gear wheels with a contact
ratio between 1 and 2. There are three pairs of gears
involved in the entire meshing process in a single
cycle from the in-mesh to the out-mesh. Fig. 1a shows
gear pair 2 meshing in the double-tooth meshing area
B Bipstc While gear pair 3 meshes out in the double-
tooth meshing area BygcBy. At this time, there are
two meshing points on the meshing line BB,. Fig.
1b shows the situation of gear pair 2 entering the

[ ] gear pair 1 [_] gear pair2 [ ] gear pair 3[__] gear pair 4

Fig. 1. Gear meshing process; a) MMGP in double-tooth
meshing area B1BlIsptc b) MMGP in single-tooth meshing area
BlsptcBhsptc, and ¢) MMGP in double-tooth meshing out area

single-tooth meshing area By By from the double-
tooth meshing area BBy, At this time, there is only
one meshing point in the meshing area BB,. Fig. 1c
shows gear pair 2 entering the double-tooth meshing
rea BypgB, while gear 1 meshes in the double-tooth
meshing area BB There are two meshing points on
the meshing line B;B,, and gear pair 2 gradually exits
the meshing area, completing one gear meshing cycle.
For ease of discussion, the gear pair that completes
one gear meshing cycle on the meshing line BB, is
defined as the main meshing gear pair (MMGP), such
as gear pair 2 mentioned above. When the MMGP is
in the double-tooth meshing area, other gear pairs
participating in the meshing process are defined as
secondary meshing gear pairs (SMGP). It should be
noted that there are two gear pairs in the SMGP during
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a single gear meshing cycle of the MMGP, such as gear
3 when gear pair 2 appears in BBy, and gear pair 1
when gear pair 2 appears in By,Bs.

When calculating the instantaneous efficiency
of the gear pair along the line of contact, the torque
balance at different mesh positions, load distribution
between teeth, and friction coefficients must be
considered. The force analysis of the gear along the
contact line is shown in Fig. 2, where P is the meshing
node, NN, is the theoretical contact line, B|B, is the
actual contact line, and K; and K, are the meshing
points of the gear profiles of the MMGP and SMGP
during the gear transmission process, respectively. The
input torque of the driving gear is defined as positive,
and the output torque of the driven gear is defined as
negative. The gear friction torque is not always in the
same direction because the direction of the sliding
velocity of the contact point changes up and down at
the node, which causes the direction of the friction
torque to change. In addition, in the double-tooth
meshing area, the parameters such as contact force,
sliding velocity, and curvature radius of different
meshing points are different, so the friction coefficient
and load distribution of each meshing point must be
considered separately.

Based on the torque balance model at the meshing
point, load distribution between teeth, and friction
coefficient, this paper proposes the instantancous
efficiency calculation model for gears. The
instantaneous input torque of the gear in the double-
tooth meshing area at any moment is expressed as
follows:

I, =FR, £ A F,R, tano,

bl —

F(1-2)u,F R, tan oy, )

where F), is the contact force, R, is the base circle
radius of the driving gear, 4 is the load distribution
factor (be discussed in a subsequent section), u; and
1 are the friction coefficients of MMGP and SMGP,
respectively (to be discussed in a subsequent section),
ok and o, are the instantaneous meshing positions of
MMGP and SMGP on the driving gear, respectively.

The output torque of the gear at any instant in the
double-tooth meshing area are as follows:

T, =—F,Ry, T A F,R,, tan B

out

+(1-2) u,F,R,, tan S, , )

where R, is the base circle radius of the driven wheel,
P and P, are the instantaneous meshing positions of
MMGP and SMGP on the driven wheel, respectively.

Fig. 2. Gear force analysis; a) forces and friction on a driving gear,
and b) forces and friction on a driven wheel

In summary, the instantaneous
calculation model of the gear is Eq. (3):

efficiency

_7:)1410‘)2

T;nwl

1- A, tan( By, ) +(1-2) p, tan( By, )

1= A, tan (a, )+ (1= 2) p, tan (ay, )
when 0<BK, <B/P

1+ Ay tan (B, )= (1-2) p, tan(By,)

1+ Ap, tan (a, ) — (1= 2) p, tan (@, )
when BP<BK, <BB, G)

T):
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where B|K;| = Ry tanag; — N;B;, @ and w, are the
angular velocity of the driving and driven wheel.
When BP < B,K; < BB, it is the instantaneous
efficiency of single-tooth meshing area.

In addition to the above method of using torque
balance to obtain the instantaneous efficiency of the
gear, the efficiency of the gear can also be obtained
through the friction power loss of the gear. The
calculation of load-dependent power losses in gear is
based on Coulomb friction Eq. (4):

Fp = uF), “

B, =FV, =uFJV,, )

loss

where P, is power loss, u is coefficient of friction,
Fy is normal force, V,, is sliding speed.

Eq. (5) calculates the friction power loss of the
gear only for a single-point contact [11], ignoring the
alternate meshing process of single and double teeth
and leading to an inaccurate evaluation of the power
loss over one meshing cycle. Based on the concept
presented in this section, this paper modifies Eq. (5)
considering the load distribution between gear teeth
at the double-tooth meshing position, as well as the
friction coefficient and sliding velocity, to obtain the
instantaneous friction power loss of the gear is as
follows:

P

loss i

:Fn,i

A’i:ul,ivxl,i _(l_z’i)uZ,iVSz’f|' (©)

The calculation model of average friction loss
power is as follows:

J‘ Bigpre
B
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In this paper, a novel average friction loss
calculation model is proposed. Eq. (7) is related not
only to the gear parameters themselves but also to
the sliding velocity, load, and friction coefficient at
the gear meshing point. More importantly, based on
the dynamic process of gear on the meshing line,
the coupling relationship between different meshing
points is considered, and the loss power of single and
double teeth meshing is separated. Finally, the gear
efficiency is Eq. (8):

P

— out . 8
1 P +P ®)

out loss

Combining Egs. (6) and (8), the instantaneous
efficiency calculated from the equations is consistent

with the result obtained from Eq. (3), which mutually
validates the two proposed models for calculating
instantaneous efficiency. To facilitate comparison and
highlight the instantaneous fluctuation, the terms
“average efficiency 7 ” and “efficiency fluctuation
n” will be used to represent the instantaneous
efficiency variation of the gear in the subsequent text,
while the terms “average input torque 7~ and
“torque fluctuation T, ” will be used to replace the
influence of the gear’s instantaneous input torque.
Efficiency fluctuations 1 and torque fluctuations YN;”
are defined as follows:

ﬁ = nmax _T’min H (9)
f = Enimax _T;’rzimin’ (10)

in

where 7.« and T}, .« are the maximum value of
instantaneous efficiency and instantaneous input
torque, fmin and 7}, i, are the minimum value of
instantaneous efficiency and instantaneous input
torque.

1.2 Load Distribution Coefficient Considering Hertz
Contact Stiffness

From Eq. (6), it can be seen that the factors affecting
the instantaneous friction power loss of the gear
include the contact force, load distribution coefficient,
and friction coefficient. The load distribution between
the teeth of spur gears is not distributed evenly but is
closely related to the contact stiffness at the contact
point. In this paper, the load distribution coefficient
adopts a widely accepted simplified linear calculation
model proposed in [29], as follows:

0.28 BK,,
1

0.36+
8 -

a

when 0 < B K, < BB,

sptc

A=1<1, whenB B <BK <BB,. (l1)
0.28
0.36 - P (BK,—¢,),
when B B, < B K, <B B,

where ¢, is contact ratio, 1 <g, <2.

This model uses a linear function to represent
the relationship between the load distribution
coefficient in two double-tooth meshing areas and
the displacement of the meshing point, with a simple
calculation process, a small amount of computation,
and accurate results. The maximum error between the
calculation results of this model and the finite element
simulation results is within 6 %.
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1.3 Average Friction Coefficient and Time-Varying Friction
Coefficient Models

The friction coefficient is an indispensable factor in
evaluating the efficiency of gears, and it is a function
of many variables [30], such as normal load, sliding
velocity, relative curvature radius, surface roughness,
oil viscosity, sliding-to-rolling ratio, and temperature.
The selection of the friction coefficient greatly affects
the accuracy of the gear efficiency calculation. This
section will focus on the average friction coefficient
and time-varying friction coefficient used in the
calculation of instantaneous efficiency and torque
fluctuation.

1.3.1 Method I: Average Friction Coefficient

As the coefficient of friction only changes slightly
with the variable operating conditions on the path
of contact, it can be assumed to be constant for
approximation purposes. In this paper, the most
commonly used average friction coefficient in the
international standard [31] is as follows:

Fy /b

02
Hypc = O~048( \] nuilioiosRaostp (12)

Vs cPredc

1.3.2 Method II: Time-varying Coefficient of Friction

The friction coefficient calculation formula proposed
by Xu et al. [22] under EHL conditions was adopted in
this study. This formula was obtained by performing
multivariate linear regression analysis on a large
number of EHL predictions under various contact
conditions. Compared to traditional methods, this
formula is simpler to calculate, and the calculated
friction coefficient based on the EHL formula matches
well with the measured traction data. The calculation
equation is as follows:

Ly = e/(SR,Ph,v,,.S)BIbZ |SR|b3 Vebﬁv(l)w R% , (13)
f(SR.B,v,.S)=b +b,|SR| B, log,, (v,)

+hye PIEt) L peS  (14)

1.4 Calculation of Gear Contact Force Based on Torque
Balance Method

When calculating the gear transmission efficiency
under constant speed and load, if the friction effect is
ignored, the maximum contact force of the gear can
be obtained by Eq. (15). The contact force acts on the

contact point with a constant direction relative to the
rotation axis of the meshing gear, the friction force
acts on the tangent surface of the meshing tooth flank,
and the friction coefficient is a function of the contact
force. Therefore, there is a coupling relationship
between the friction coefficient and the contact force,
and their numerical changes will affect each other.
However, Eq. (15) cannot reflect this relationship.
Therefore, in efficiency calculation, the gear contact
force and friction coefficient are still the focus of
discussion [30]. In this paper, the balance between
input torque, output torque, and friction torque at the
gear meshing point is considered as the entry point.
Through the torque balance method, it establishes
the relationship expression between output torque,
friction coefficient, and contact force, and solves and
calculates the contact force of each meshing point of
the gear. This is achieved through an iterative process
to calculate the torque generated by contact force
and friction force and make them equal to the output
torque applied to the system.
2T
o = (1s)
For the force analysis of the driven gear under
constant speed and load conditions, as shown in Fig.
2, after balancing the output torque, the magnitude of
the contact force acting on the contact point is derived
from Eq. (2):

F;’ — 7:)14)‘ . (16)
(—11)411 tan B, *(1-2) , tan B, )sz

Since the friction coefficient u; and u, are
function of the contact force, the contact force F,
during the gear meshing process cannot be directly
obtained from this formula when the gear output
torque is known. Therefore, this paper uses a
numerical iteration method to solve for the contact
force F,, and Eq. (15). is set as the initial value of the
contact force F, iteration.

Set the iteration termination condition as follows:

F

n(i+1) -

Fl<e, (17)

where ¢ = 0.001 is the convergence accuracy, and i is
the iteration number.

To describe the variation of contact force along
the contact line under different friction coefficients
visually, the ratio of the contact force for different
models to the maximum contact force obtained
without considering friction is compared. The ratio of
the contact forces obtained from different models after
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torque balance is calculated using Eq. (18), and the
result is shown in Fig. 5.

= (18)

nmax

2 CASE OF APPLICATION

The specific calculation process is shown in Fig. 3.
The parameters of the spur gear are shown in Table 1,
the 75W90-A lubricating oil parameters in reference
[32], and the operating conditions are shown in Table
2. Under the same operating conditions, the inter-
tooth friction coefficients obtained by considering
different friction coefficient calculation models and
satisfying the torque balance condition from meshing
to disengagement for one cycle of MMGP are shown
in Fig. 4. In the single-tooth meshing area BjpgBppstc,
the time-varying friction coefficient in Method II
quickly decreases to 0 as MMGP approaches node
P and increases as MMGP moves away from node
P. This is a clear local variation process, while the
average friction coefficient calculated by Method
I in this area is almost a straight line and a constant
value. In other double-tooth meshing areas, the value
of the time-varying friction coefficient is significantly
larger than that of the average friction coefficient. The
friction coefficient of SMGP only exists in the double-
tooth meshing area, which is due to the different gears
involved in the meshing and disengagement processes.

Considering the friction and torque balance,
the ratio of the contact forces of the MMGP along
the actual contact line is shown in Fig. 5 at different
meshing positions. In the double-tooth meshing area
BBy of the SMGR, the contact force is proportional
to the meshing distance, while in the double-tooth
meshing area BypgcB,, the change in contact force
is opposite to the trend in the BB,y meshing area
and is inversely proportional to the meshing distance.
At this time, MMGP is in the meshing-out process,
and the load is gradually borne by SMGR. In these
two double-tooth meshing areas, the contact force
obtained by Method I is greater than the contact force
without friction, and the contact force obtained by
Method II is greater than that obtained by Method
I. These three methods are almost identical in size
when entering the double-tooth meshing area, and the
difference between them becomes significant as the
double-tooth meshing distance increases. At the points
Bipstc and By, the contact force of the gear pair will
produce a step change because the gear pair undergoes
a single-double tooth meshing transition, which will
cause impact and vibration at this moment.

Gear parameters
Operating conditions

!

Division of rotation of
pinion into N angular
positions

_ %1 min ~ %k1_max

Aa =
N

!

Instantaneous meshing
position of MMGP «

!

Calculate the load
distribution coefficient A

!

Calculate the initial

normal force Fu/
l K=K+1
ay =a, +Aa
Calculate sliding
velocity V'
Calculated friction YES | Fu,u
coefficient 4 and 1,
Calculate the efficiency
l of the current position 77,
Fy=Fg Calculate the actual

normal force Fu

No

NO YES

instantaneous
efficiency 7

Fig. 3. The calculation flowchart of the mathematical model of the
gear instantaneous efficiency model

Table 1. Pinion/gear parameters

Parameters
Teeth number of pinion Z;=18
Teeth number of wheel Z,=236
Pressure angle [°] a=20
Helix angle [°] p=0
Module [mm] m=3
Face width [mm] b=26.7
Centre distance [mm] a=281
Transverse contact ratio &,=1.611
Table 2. Operating conditions
Lubricant
Operating Output torque Input speed roSuugrr];?]Zzs operating
conditions T, INm] ny [rpm] Ra [um] temperature
aoil [OC]
case 1 159 1500 0.8 55
case 2 A 1500 0.8 55
case 3 159 A 0.8 55
case 4 159 1500 A 55
case 5 159 1500 0.8 A

Symbol A: this value will change in Section 3.
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Coefficient of friction

0 3 6 9 12 15 18
Meshing position [mm]

Fig. 4. The friction coefficient of the gear pair at case 1: fLypcy
and urpcr are the friction coefficients of MMGP at different

meshing positions, (i 4rc> and wrpc; are the friction coefficients
of SMGR in the double-tooth meshing area

| 1 I 1
1B, B | P 1By B,!
T I I 1
-1 -1
10 |k 66740 4p 210
(=N
o 63 39 F
£ 08|
o
2 6.0 1 1 3.6 L
B 6.0 6.5 7.0 150 155 160
g Y { |
= 06
o
o]
ﬁNF
0.4
Barc
BTFC
02 1 1 1 1 1
0 3 6 9 12 15 18

Meshing position [mm]

Fig. 5. The ratio of the contact force of the MMPG gear during
the engagement cycle at case 1: without friction ( Byy), with
average friction coefficient (B 4rc), and with time-varying friction
coefficients (Brrc)

In the single-tooth meshing area By, Bypsic, the
contact force obtained by Method I undergoes a sudden
change at node P. The reason for this phenomenon
is that the sliding velocity direction of the meshing
points on the left and right of node P changes, and the
frictional force is related to the sliding velocity which
leads to a change in the direction of the frictional
torque before and after the node. The contact force
obtained by Method II in the single-tooth meshing
area will decrease smoothly with the meshing position
and will not produce a jump phenomenon. The
phenomenon in Fig. 5 is consistent with the previous
research [15] to [17]. It can be seen that the size of
the tooth surface contact force calculated by different
friction coefficient calculation models is different.

Narc Nrrc

100.0 F

995

Instantaneous efficiency 1 [%)]

DUV

0 0.01 0.02 0.03 0.04 0.05
Time [s]

a)

el

@*

wn
T

Instantaneous efficiency n [%]

97'0 1 1 1 1 1
0 3 6 9 12 15 18

b) Meshing position [mm]

Fig. 6. Gear instantaneous efficiency at case 1: a) The variation
of instantaneous efficiency with time in the gear meshing process,

b) Instantaneous efficiency at one meshing cycle, n 4pc is the
instantaneous efficiency obtained by Method I, 17 is the
instantaneous efficiency obtained by Method Il

The instantancous meshing efficiency of the
gear under different friction coefficient calculation
methods is shown in Fig. 6. Fig. 6a represents the
change in the instantaneous efficiency of the gear over
time. The instantaneous meshing efficiency obtained
by Method I (174r¢) changes from 99.18 % to 100 %,
and the fluctuation range of instantaneous efficiency
is 0.82 %. The instantaneous meshing efficiency
obtained by Method II (17r¢) changes from 97.53 %
to 100 %, and the fluctuation range of instantaneous
efficiency is 2.47 %. At the same time, the value
of Mrgc is lower than the value of napc at the same
meshing position. Fig. 6b can more clearly reflect the
instantaneous meshing efficiency of the gear at any
meshing point on the meshing line. Regardless of
Narc Of Nrre, there will be a significant abrupt change
in instantaneous efficiency in the process of single-to-
double tooth alternation. At the double-tooth meshing
area, the instantaneous efficiency is lower than that
in the single-tooth meshing area. This is because the
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relative sliding velocity generated by the gear in the
double-tooth meshing area is greater than that in the
single-tooth meshing area. The instantaneous meshing
efficiency at node P is the highest. Although different
methods have different friction coefficients at the
nodes, the same results can be obtained. For nrgc,
there is no relative sliding between the driving and
driven wheels at the node, and the friction coefficient
is 0, so the efficiency is the highest. For magc,
although the friction coefficient at the node is not
0, the actual meshing angle at the node is the same,
which produces the same result as nypc. This explains
why the numerical values of the different friction
coefficient models are different at the node, but their
instantaneous efficiency is consistent.
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Fig. 7. Gear instantaneous input torque at case 1: a) the variation
of instantaneous input torque with time in gear meshing process;
b) Instantaneous input torque at one meshing cycle, T;,, 4rcis

the instantaneous input torque obtained by Method I, T}, rrcis
the instantaneous input torque obtained by Method Il

Under constant speed and load conditions, where
a constant output torque is maintained on the driven
gear, the instantaneous input torque of the driving
gear fluctuates due to the existence of tooth friction

and changes in the meshing position, as shown in Fig.
7. Fig. 7a shows the variation of the instantaneous
input torque with time, with 7, ,rc changes from
79.50 Nm to 80.16 Nm with a torque fluctuation range
of 0.66 Nm, and T, 7pc changes from 79.50 Nm to
80.52 Nm with a torque fluctuation range of 2.02 Nm.
Fig. 7b shows the variation of the instantaneous input
torque with the meshing position of the gear, where
the instantaneous input torque in the double-tooth
meshing area is higher than that in the single-tooth
meshing area, and 7, ¢ is higher than 7;, ,zc at the
same meshing position. Method I has a smaller torque
fluctuation than Method I1.
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Fig. 8. The instantaneous efficiency and instantaneous input
torque of the gear at case 1

Fig. 8 shows that the instantaneous efficiency
of the gear decreases as the instantaneous input
torque increases. The greater the fluctuation in gear
efficiency, the greater the resulting torque fluctuation.
The increase in input torque fluctuation not only
reduces stability but also creates significant noise
and vibration problems, making it difficult to model
and compensate for. This also poses a challenge to
the original engine. Without changing the gear ratio,
increasing the proportion of single-tooth meshing
in the actual meshing area, i.e., reducing the contact
ratios of the gear, can improve gear transmission
efficiency and reduce torque fluctuation. Fig. 9 shows
the average efficiency and the efficiency fluctuation
of the gear for different contact ratios, showing that
decreasing the contact ratio can improve the gear
efficiency. However, it should be noted that reducing
the gear contact ratio also affects gear transmission
capacity, load capacity, and service life. Therefore, in
practical applications, a balance and selection should
be made based on specific circumstances, ensuring
continuous gear transmission while minimizing
contact ratio to achieve maximum gear efficiency.
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3 RESULTS

The efficiency of a gear pair is not only related to
factors such as friction coefficient and tooth load
distribution but also to operating conditions. Previous
research has focused on the effects of friction
coefficient calculation models, gear ratios, addendum
modification coefficients, loads, and speeds on gear
efficiency [12], [15], and [16], neglecting the effects
of gear surface roughness and lubricant operating
temperature on gear efficiency and lacking exploration
of the effects of different operating conditions on
torque fluctuations during gear meshing. Improper

b)

a)

design of gear surface roughness and Ilubricant
operating temperature can lead to more friction power
loss, reducing gear meshing efficiency and increasing
input torque fluctuation. This section focuses on the
variability of gear efficiency and torque fluctuations
under four different operating conditions: different
output torque, input speed, gear surface roughness,
and lubricant operating temperature.

3.1 Gear Instantaneous Efficiency under Different
Operating Conditions

The meshing efficiency and efficiency fluctuation for
gears under different operating conditions are shown
in Fig. 10. 1, and 7, represent the average
efficiency under Method I and Method II, respectively.
N,c and 1. represent the instantaneous efficiency
fluctuation under Method 1 and Method 1I,
respectively. Fig. 10a shows the influence of different
output torques on the average efficiency and efficiency
fluctuation. The average efficiency obtained by
Method I decreases as the input torque increases,
while Method II shows the opposite trend. The
difference in the results obtained by the two methods
is mainly due to the fact that the friction coefficient
calculation formula in Method I increases with the
increase of the output torque, causing an increase in
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frictional losses, resulting in a decrease in efficiency.
However, the effect of the efficiency decrease is not
significant, only 0.19 %. In contrast, the friction
coefficient formula in Method II results in a decrease
in instantaneous friction coefficient with the increase
of the output torque, resulting in a decrease in
frictional losses and an increase in efficiency. The
amplitude of the efficiency fluctuation is greater than
that of the efficiency obtained by Method I. The
difference in gear meshing efficiency values obtained
by the two methods is at most 1.44 %. The main
reason for the difference in calculation results is that
the friction coefficient at each contact point in Method
II is a local variable that varies with time, while the
friction coefficient in Method I is an average value
along the contact line. The effect of input speed on
gear efficiency is shown in Fig.10b. When the speed
increases from 1000 rpm to 10000 rpm, the efficiency
obtained by both methods increases with the speed.
The average efficiency under Method I and Method 11
increased by 0.25 % and 0.4 %, respectively. From
Fig. 10c, gear efficiency decreases with increasing
surface roughness, by 0.29 % for Method I and 1.59 %
for Method II. This indicates that the TFC is highly
sensitive to surface roughness, because as the
roughness increases, the formation of the lubricating
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oil film in the gear contact area becomes difficult,
leading to an increase in friction losses and a decrease
in efficiency. From Fig. 10d, with the increase in
lubricating oil temperature, the gear efficiency of
Method I decreases by 0.06 %, and the gear efficiency
of Method II increases by 1.32 %. The result shows
that the AFC is not sensitive to lubricant operating
temperature, which is consistent with the results
obtained in [33]. When the oil temperature increases,
the viscosity of the lubricant decreases, which
significantly improves efficiency. However, in Method
II, when the oil temperature rises, the viscosity of the
lubricant decreases and the efficiency improves
significantly. Therefore, in gear design, it is necessary
to select a reasonable operating temperature range for
the lubricant according to the actual operating
conditions, to fully utilize the properties of the
lubricant, reduce the frictional power loss of gears,
and improve the efficiency of the robot joint reducer.

3.2 Gear Instantaneous Input Torque Under Different
Operating Conditions

In this section, the input torque fluctuations due to
instantaneous efficiency fluctuations are discussed
under constant load torque conditions. Fig. 11a shows
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Fig. 11. Input torque and torque fluctuation of gears; a) at case 2, b) at case 3, ¢) at case 4, and d) at case 5
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the influence of different output torques on the input
torque fluctuations of the gear. 7, .. and T, ;.
represent the average input torque under Method I and
Method II respectively. 7:,." arc and f” rrc represent
the instantaneous torque fluctuation under Method I
and Method II, respectively. It can be seen that when
the output torque increases, the torque fluctuation will
increase with the increase of output torque, whether
the AFC or the TFC is used. Therefore, it is necessary
to choose a suitable output torque range according to
the actual operating conditions in gear design, to
reduce the torque power loss and improve the working
smoothly of the robot joint reducer. As Fig. 11b shows,
increasing the rpm from 1000 rpm to 1000 rpm
reduced torque fluctuation by 36 % and 20 % for
Method I and Method II, respectively. Fig. 11c shows
that gear input torque fluctuation increases with
surface roughness, especially under EHL conditions.
Therefore, in design, it is necessary to ensure the
smoothness of the gear contact surface as much as
possible to promote the formation of oil film on the
meshing surface and reduce the torque fluctuation
during gear meshing. From Fig. 11d, as the lubricating
oil temperature increases from 40 °C to 100 °C, the
gear input torque fluctuation of Method I increases
from 0.64 Nm to 0.70 Nm, and the gear input torque
fluctuation of Method II decreases from 2.63 Nm to
1.22 Nm. Under EHL conditions, the lubricating oil
operating temperature is one of the important factors
affecting gear efficiency and torque fluctuation. As the
temperature rises, the viscosity of the lubricating oil
decreases, which can reduce the viscous resistance of
the oil and improve the meshing efficiency of the gear,
thereby reducing the input torque fluctuation.

Through the analysis of gear efficiency and
torque fluctuation under the same operating conditions
in Figs. 10b and 11b, Figs. 10c and 11c, Figs. 10d and
11d, it was found that regardless of using Method I
or Method II, the average input torque of the gear
will decrease as the average efficiency increases. At
the same time, the input torque fluctuation of the gear
increases with the increase of efficiency fluctuation.
Therefore, studying the laws of gear efficiency and
torque fluctuation is conducive to establishing a
more accurate friction model and torque fluctuation
compensation method for the joint reducer of
collaborative robots.

4 DISCUSSION
The gear transmission efficiency and torque
fluctuation are influenced by various factors,

including gear output torque, input speed, tooth
surface roughness, and temperature, among which
the friction coefficient has the greatest impact. In
Method 1, decreasing the output torque and gear
roughness and increasing the input speed can improve
gear efficiency, with roughness and speed having the
greatest influence on efficiency, while lubricating oil
temperature has little effect. In Method II, increasing
the output torque, rotational speed, and lubricating
oil temperature, and decreasing gear roughness can
enhance gear efficiency, with suitable roughness and
lubricating oil temperature contributing to around 1.5
% efficiency improvement. The average efficiency
calculated by Method I and Method II differs by a
maximum of 1.86 %. Under case 4, the instantaneous
efficiency variation of the gear can reach 3.34 %.
Regarding the input torque fluctuation, both Method
I and Method II can reduce the torque fluctuation
amplitude by lowering the output torque, and the gear
surface roughness, and increasing the speed, resulting
in smoother gear operation. In addition, in Method
11, raising the lubricating oil temperature can reduce
torque fluctuation by 53.6 %. Under case 2, the torque
fluctuation of the gear can reach 5.19 Nm. Method
I assumes a constant friction coefficient along the
meshing line, neglecting the influence of lubricating
oil temperature, and is often used to calculate the
average efficiency of gears or roughly evaluate
gear performance in spur gear transmission design.
The friction coefficient of Method II varies along
the meshing line and is based on the instantaneous
efficiency calculation model presented in this study, so
the combination of the two provides a good evaluation
of the real-time efficiency at each meshing position in
the spur gear pair. For an accurate calculation of the
instantaneous efficiency of the gear, the time-varying
friction coefficient is recommended in this study.

To evaluate the accuracy of the calculation
method proposed in this paper, the numerical results
obtained by the present method were compared with
those reported in previous studies under the same
conditions as described in the reference [15]. Table 3
and Fig. 12 presents the factors considered and the
corresponding results from the efficiency calculation
models described in the literature. The comparison
showed that the average efficiency calculated using
the present method I was consistent with the results
reported by Hohn [11] and Diez-Ibarbia et al. [15], with
a difference of only 0.01 %. This can be attributed to
the fact that the present study did not treat the friction
coefficient as a constant but allowed it to vary with
the changing contact conditions at different mesh
positions, as shown in Fig. 4. Through comparative
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Table 3. Comparison of results between different methods under the same conditions

Method Instantaneous efficiency Average efficiency Method | Method Il Load distribution ~ Torque balance 17 [%]
Hohn [11] v v 99.21
Diez-Ibarbia et al. [15] v v 99.22
Proposed Method | v v v 99.32
Wang et al. [19] v v 98.03
Proposed Method I v v v v 99.01

symbol v': the method has this characteristic.

analysis, the effectiveness and accuracy of the
proposed method in this paper have been verified.
This paper proposes a more accurate calculation
model for the instantaneous efficiency of gear pairs
compared to the model proposed in reference [19], by
considering the meshing position, load distribution,
and both average and time-varying friction coefficient
models of the gear pair.

5 CONCLUSIONS

In this paper, through the analysis of the meshing
characteristics of the external meshing gear pair, a
numerical calculation model for the instantaneous
efficiency of the gear is established under the
comprehensive consideration of the friction coefficient
model, the load distribution model between the teeth
and the torque balance of the meshing point. This
model can calculate the instantancous efficiency
of the gear and its corresponding input torque
fluctuations. Then, two different friction coefficient
models are used to compare the change laws of gear
instantaneous efficiency and instantaneous input
torque along the meshing position under the same

operating conditions, and also studies the changing

law of gear efficiency and efficiency fluctuation, input

torque and input torque fluctuation under different
load, speed, roughness, and temperature conditions.

The following conclusions can be drawn:

* The instantaneous efficiency of gears in the
double-tooth meshing area is lower than that
in the single-tooth meshing area. Ensuring
continuous and stable transmission of gears, the
gear transmission efficiency can be improved by
reducing the degree of contact ratio.

* Different friction coefficient models have a
significant impact on the efficiency and efficiency
fluctuation of gears. The efficiency calculated
using the time-varying friction coefficient model
is lower than that calculated using the average
friction coefficient model, and the maximum
difference between the two is 1.86 %. In contrast,
the value of the torque fluctuation under the
average friction coefficient is smaller than that
under the time-varying friction coefficient.

*  The instantaneous efficiency of the gear increases

and the instantaneous input torque decreases
under constant load. The gear efficiency
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fluctuation increases, and the torque fluctuation

at the input end also increases. Under specific

operating conditions, the gear pair’s instantaneous
efficiency variation can reach 3.34 %, and the
torque fluctuation can reach 5.19 Nm.

* Increasing the input speed, raising the operating
temperature of the lubricating oil, and reducing
the surface roughness of the gear can improve
the gear transmission efficiency and reduce the
torque fluctuation during meshing. In addition, an
increase in output torque will increase the torque
fluctuation.

This paper presents numerical calculations of
the instantaneous efficiency and torque fluctuation
of an external meshing gear pair using theoretical
analysis. Some of the computed results are consistent
with previous studies. However, the presented model
only considered the instantaneous efficiency and
torque fluctuation of gears under sliding friction,
while neglecting the effects of rolling friction losses
and non-load-related losses on gear efficiency
and torque fluctuation. In addition, the precision
and manufacturing errors of gear are also ignored.
Therefore, experimental verification of the model
is still necessary in future research. Additionally,
the development of a model for the instantaneous
efficiency and torque fluctuation of a cooperative
robot joint reducer composed of gear pairs will be the
focus of our future research.
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